We study two methods of computing directional capacity for en route airspaces with convective weather constraints. We consider future operations where jetway routing is removed and aircraft paths may conform over time with the geometry of hazardous weather constraints. Within a constant flight level, we analyze the dominant demand direction -a direction for which the majority of the flow would like to pass through a given portion of airspace. Then, we study two methods of measuring the directional capacity of the airspace. The first method, a grid-based method, considers eight fundamental directions for directional capacity, according to the standard directions of travel: North, East, South, and West and diagonal directions. The second method considers an arbitrary direction of flow and determines the directional capacity in that particular flow direction. We compare the directional demand to the available capacity in that direction to determine if demand exceeds capacity in that particular direction. Finally, we describe how these directional capacity metrics can be used in air traffic management applications.
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I. Introduction
stimating the capacity of an airspace is fundamental to Air Traffic Management (ATM). If the demand for an airspace exceeds the capacity, then a Traffic Flow Management (TFM) strategy must be implemented. Demand for an airspace is determined by the number and type of aircraft that desire to fly through the airspace during a given period of time. However, the demand may arrive at and pass through an airspace in a variety of directions; thus, we quantify in this paper the dominant direction of travel for the demand -essentially, the direction for which the majority of aircraft in a flow are traveling. The capacity of an airspace is loosely defined as the maximum number of aircraft per unit time that can be safely accommodated by the airspace given controller and pilot workload constraints as well as airspace constraints, which include Special Use Airspace (SUA), Letters of Agreement (LOAs), convective weather, turbulence, and icing constraints, etc. The primary concern of this paper is the effect of convective weather constraints on directional airspace capacity, with capacity determined by the (geometric) constraints induced by hazardous weather (rather than by controller workload constraints).
The weather has a huge influence on the performance of the National Airspace System (NAS). The number of weather-related delays in the NAS is (approximately) twice the number of non-weather delays 1, 2 . The Aviation Capacity Enhancement Plan 3 lists weather as the leading cause (65% to 75%) of delays greater than 15 minutes, with terminal volume as the second leading cause (12% to 22% of delays). Thunderstorms account for approximately 50% of the weather-related delays, low visibility 35%, and heavy fog the remainder 4 . Because weather is such a major factor limiting capacity, we focus on the relationship between capacity, direction of demand, and weather severity.
The operational conditions considered in this paper are motivated by the Next Generation Air Transportation System (NextGen) 5, 6 with a timeframe of applicability of roughly 2020 to 2025. We consider the estimation of capacity in a future ATM system where aircraft are not required to follow jet routes. Rather, we consider operational rules for en route airspace where traffic finds routes through the gaps in weather constraints as we have previously described in the literature 7 .
II. Motivation
From previous research 7 , we have determined that airspace capacity is dependent on the ATM flow structure, which may specify that flow is in a particular direction, e.g., East to West, or that it is in all directions, e.g., in Free Flight 8 . Directional capacity is derived using a geometric (continuous) version of standard Maxflow/Mincut Theory from network analysis 9 . In general, the Maxflow/Mincut Theorem states that the value of the maximum flow from source to sink in a network is equal to the capacity of the mincut through the network. The network Maxflow/Mincut Theorem has been generalized to continuous, geometric spaces 10, 11 . In this version, instead of a discrete network, a polygon P (possibly, with holes, or obstacles) is given. Two edges of P are marked as a source s and a sink t. A flow in P is a divergence-free field  with support in P. The value of  is the integral of  across s (or t). An s-t cut of P is the partition of P into two sets S and T, P=S T, S T =  , such that s S, t  T. The capacity of the cut is the length of the boundary between S and T, measured according to the 0/1 metric, which assigns cost 1 for traveling through P and cost 0 for traveling through the holes. The minimum cut, or mincut, through P is a cut of minimum capacity. In previous work 10 , a constructive proof has been given to the Maxflow/Mincut Theorem along with efficient algorithms for finding the mincut and maxflow.
The mincut can be applied to different ATM flow structures 7 as shown in Figure 1 . If the flow is unidirectional, for instance, from West to East, then the mincut is determined by allowing the source to be line segment AD and the sink to be line segment BC. If the flow is monotonic to the East, then the mincut is applied from point A to point D. If the mincut is applied to a Free Flight traffic flow, in which aircraft may fly in any direction, then the maximum flow computation involves computing mincuts for various combinations of sources and sinks defined by pairs of corners A, B, C, and D 7 . Each one of these mincut computations returns the theoretical bottleneck to the flow (the mincut) under the different ATM flow structures (uniform flow, monotonic flow, or Free Flight) 7 .
(a) East-West Capacity is a function of the direction of travel of the flow; this is easy to see based on analyzing a squall line convective weather system, as illustrated in Figure 2 . In this example, the mincut for a flow from West to East is compared to a mincut from North-South, each case with the same required air lane width. The mincut reveals that two lanes of traffic are the maximum that can pass from West to East, but five lanes of traffic is the maximum that can pass from North to South. Thus, the directional capacity (sometimes referred to as the directional permeability) of the airspace is maximized if the flow is allowed to pass from North to South, or from South to North (or some combination of both). From this we see that it is important to study the directional permeability, and to compare it to the direction of the dominant flow as determined by the demand profile for a given period of time that corresponds to the forecast time. If the dominant flow in this example were from East to West, then even though greater capacity may be achieve by a North to South flow, this may not service the demand. 
III. Approach
There are two aspects to this problem that we pursue:
 Direction of Dominant Demand  Directional Permeability Next, we describe our approach to each of these.
A. Direction of Dominant Demand
We consider two types of demand: filed flight plans for today's NAS (e.g., based on Enhanced Traffic Management System (ETMS) data), and 4D Trajectories (4DTs) for the NextGen. In either case, the dominant demand transforms the trajectory data into a set of waypoints, with time stamps at each waypoint, and projects those data points onto the boundary of the directional capacity kernel (square and circular kernels, as described in the next section). The intent of this analysis is to characterize the magnitude and direction of demand. We are particularly interested in understanding how aircraft approach a capacity-constrained airspace, since, as we presented above, the capacity of an airspace depends on the dominant approach direction. We refer to this as demand-driven capacity.
The reference direction d  is a unit vector established over a look-ahead time period consistent with the lookahead weather forecast time period used in the directional permeability analysis (described later). We look at a look-ahead time from T forecast to T forecast + T. For now, we simply say that d  will be selected from one of the eight standard directions: North (N), East (E), South (S), West (W), NE, NW, SE, and SW. Examples are given below for several cases of the dominant direction of flow. Later, these flow directions are compared to the directional permeability. When comparing the directional demand to the directional capacity; we quantify the total directional demand in a given direction from the equation: We quantify the directional demand primarily on square and circular kernels (described later); however, the metric applies to any polygon boundary (e.g., sectors). The directional demand will be compared to the directional capacity, so both are evaluated for the same time period of interest from T forecast to T forecast + T.
A variant of the above dataset can be generated for the NAS using current time data, and making near-time projections based upon the position and velocity of each flight. Hence, if flight plans change because of weather conditions, tracking continues with updated data. In our effort, we do not build a trajectory prediction algorithm to estimate the aircraft that are expected to fly into a given square kernel, circular kernel, sector, or center boundary; rather, we assume some other algorithm or system will provide us these data.
Several examples (Figure 4 through Figure 6 ) of the dominant demand function demonstrate how in NextGen, traffic flows may result in dominant flow directions. If there is no dominant flow, for instance in the case of Free Flight from all directions of travel, then the dominant demand is low, as illustrated in Figure 5 . If weather forces traffic to flow in a particular direction, as illustrated in Figure 6 , then the dominant demand will be maximized at that particular direction.
Note that we also quantify the net demand, which is simply the dominant direction parameter multiplied by the total number of flights N. In ATM applications, strategies will be developed for distributing this demand into other directions when certain other directions have already reached capacity. 
B. Two Methods for Directional Permeability
There are two types of kernels that we investigated:  Square Kernels  Circular Kernels First, we discuss square kernels, then circular kernels. In general, further application of the mincut applied to other boundaries (e.g., sector boundaries) is found in the literature 7, [12] [13] [14] [15] . An ATM application also may be applied to ensemble forecasts in the form of the square kernel 16 . The square kernels are as follows. These mincut filters are either bounded by points (red circles) or impenetrable walls (red line segments) which artificially constrain the flow (arrows) across the grid as shown in Figure 7 . The directions of the filters are along eight fundamental directions of travel: N, S, E, W, NW, NE, SW, SE, and all directions (we call this Free Flight) 7 . The computation of the mincut and mincut properties for assessing throughput within the kernel are as follows. In Figure 8 , the mincut is from a Northern bounding surface to a Southern bounding surface as shown. This figure shows some of the segments (dashed blue) used in constructing that mincut; these segments are a part of the critical graph, and the mincut is a particular part of the critical graph that connects the boundary conditions. Note that all lines connecting either the upper or lower surface are perpendicular to that boundary condition (the shortest distance between the boundary condition and the weather hazard). Also note how only the red polygons are relevant as they represent weather that exceeds some threshold value (which the green polygons do not). Numbers labeled on the Flow in Free Flight is random from all directions; the Dominant Demand is low (0.4 or below) for all angles.
When bi-directional flow adjusts to pass around weather constraints, then the dominant demand reports the two opposing directions. mincut (colored in blue) indicate the total number of lanes of traffic that can pass through the mincut, assuming that each lane of traffic has a RNP requirement that is specified as an input to the algorithm. A second mathematical model that we are investigating is based on a circular kernel. In this model, the key parameters are the radius R of the circular filter and the orientation . The mincut properties for assessing throughput are as follows. In Figure 9 , the mincut (blue) is from a top bounding point (red circle) to a bottom bounding point (red circle). The line from the top point to bottom point is at any arbitrary angle . For a point p, the directional capacity in the flow direction  (flow direction is orthogonal to the filter direction of ) is given by computing the discrete mincut (number of air lanes) between the goal posts positioned at distance R from p with orientation . The dashed blue segments used in constructing that mincut are the critical graph, and the mincut is a particular part of the critical graph that connects the boundary conditions. Numbers labeled on the mincut indicate the total number of lanes of traffic that can pass through the mincut, assuming that each lane of traffic has a RNP requirement. The circular kernel is applied at each of several discrete choices of direction , for any specified radius R. This yields a directional capacity, capacity(p,R,), which can be computed for each point p of the domain of interest.
Finally, whether a square kernel is used or a circular kernel, there is the issue of the size of the kernel (length of a square kernel side L or radius R of the circular kernel) and the step size of how you analyze weather constraints in the latitude and longitude (or any other) direction. We studied two extremes:  Pixel-by-Pixel step sizes -here the center of the kernel (square or circular) is applied pixel-by-pixel; that is, the x and y step size for locating where the kernel center is applied is the same size as a pixel of weather data independent of the kernel size (radius R or square side length L); or  Kernel-by-Kernel step sizes -here the center of the kernel (square or circular) is applied such that each kernel is adjacent to the previous kernel; that is, the x and y step size for locating where the kernel center is applied is the radius R or square side length L of the kernel. The modeling of small Pixel-by-Pixel step sizes vs large Kernel-by-Kernel step sizes is depicted in Figure 10 . 
IV. Examples
In this section, we present a series of examples to demonstrate the concepts of directional capacity.
C. Mincut Capacity vs Dominant Demand Direction
In Figure 11 and Figure 12 , a slow-moving squall line is considered. North-South flow is virtually undeflected because the weather is so slow relative to the flow velocity. The mincut for the hazardous weather is shown on the left. The flow from an algorithmic solution to the route planning problem is shown on the right. In Figure 11 , one flight takes advantage of the slight weather movement with a zigzag designed to consume time while an additional lane of traffic opens. This mincut applies for a single instance in time, so the number of flight paths passing through the weather may not equal the number shown in these figures. In Figure 12 , the same slow-moving squall line is analyzed with a kernel that measures the capacity for EastWest flow. East-West flow allows just three paths to pass through the weather. Again, this is a dynamic situation, and even though the instantaneous mincut on the left indicates two breaks in the squall line at the south, these gaps close up and do not allow continuous flow to pass through. Analyzing the mincut over a given period of time is needed to establish the capacity, not just the mincut at a given time, since the weather hazard is continuously changing is shape and size.
The point of this simple squall line example is to demonstrate the fact that a squall line can have a significant difference in throughput in the two fundamental directions: in line with the squall line vs orthogonal to the squall line. This is not surprising, and is clearly what is indicated by the mincut result and the flow planning algorithm.
D. Square Kernel Examples
In Figure 13 we process convective weather data using several different directional permeability kernels for different directions and for different kernel size, using the same weather data for all filters. Figure 14 through Figure 16 demonstrate the results.
In Figure 14 we note that the directional permeability results are quite different in comparing the mincut throughput for each direction. However, we need to note that in order to compare these results to one another, the results for East-West and North-South flow are comparable, and the results for diagonal flows are comparable, but we must divide the results for diagonal flows by √2 = 1.414 in order to compare diagonal flows to East-West and NorthSouth flows. It is thus useful instead to represent results in terms of reduced capacity relative to the clear weather capacity in the particular direction of interest. 
E. Circular Kernel Examples
Our first set of results simply demonstrate how the mincut throughput for a specific center point p is a function of the angle of the circular kernel flow direction. In contrast to the grid-based kernel, where there were eight fundamental directions for the kernel, in the circular kernel, we can run the kernel for any angle of flow. Figure 17 and Figure 18 provide an example of the circular kernel applied to a set of polygon weather hazards. These hazards are not based on real-world weather data, rather, they are generated synthetically to demonstrate the concept of directional capacity using a circular kernel. Figure 17 shows that if the direction of flow of traffic is to pass across these weather hazards, and we vary the direction of flow from deg. Heading to270 deg. heading, that the Mincut identifies the appropriate throughput in these directions.
The directional permeability displayed in the above scenarios (Figure 17 ) may be plotted as a function of the flow angle (flow angle is defined as 0 deg. to the North, 90 deg to the East, 180 deg. to the South, etc. for this example), as illustrated in Figure 18 . This set of scenarios and the resulting capacity as expressed as a directional permeability as a function of dominant flow demand indicates a need for a capacity analysis capability for NextGen that considers directional permeability. In the next example based on real-world weather data, we demonstrate the results for a constant RNP 5 and kernel radius 200 nmi, as illustrated in Figure 19 . Note that in this example, the capacity expressed in terms of the total number of air lanes that can cross between the boundary conditions varies from 30 to 33 over the flow directions shown.
These results indicate that there may be an application for the circular kernel in determining a "gate" for traffic passing through a weather constrained region. In many cases today, an FEA is placed along center or sector borders, and it is possible to place the two boundary conditions of the circular filter (the red points) at points at the two extremes of an FEA. The mincut then estimates the capacity for flow crossing between the two points, allowing controllers to use this technique as a "quick measure" of capacity reduction. If the capacity reduction is substantial, this is indicative of the need for a TFM strategy. 
V. ATM Applications
A. Capacity Reduction Maps
The results from the eight fundamental directions of flow from the grid-based kernel or from the angular flow directions of the circular kernel can be used to define a capacity reduction map. Capacity reduction maps are relevant with respect to all forms of weather hazards, including convection, turbulence, and icing. Capacity reduction maps may be used to inform Air Traffic Service Provider (ATSP) or airline users of potential areas to be flow flow
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The least amount of capacity occurs when the flow direction is 150 degrees -this flow direction should be avoided unless the dominant demand has a total demand magnitude below this capacity.
avoided in strategic planning of flights (used for informational purposes), or they may be used to set up the analytic determination of TFM plans, for instance, where to locate Flow Constrained Areas (FCAs). A capacity reduction map, for instance as shown in Figure 20 , gives for each point p of the map the percent reduction (compared to clear weather) in capacity (in terms of number of air lanes), in a given direction  and for a given kernel (and kernel radius R) centered on the point p. A black pixel indicates 100% capacity reduction; levels of gray indicate percentage reduction of capacity. In Figure 21 , the capacity reduction map is shown for two flow directions, North-South and East-West, under two different RNP values (RNP 1 nmi and 10 nmi). In general, as the RNP value goes up and one requires that the gaps between the weather constraints is larger, there is a more pronounced effect in the capacity reduction map. This occurs in both directions studied. 
B. TFM Optimization
Another ATM application of directional capacity is for NextGen TFM optimization. Researchers studying how to optimize TFM for NextGen need to experiment with techniques for TFM that optimize performance of the NAS. An example is where optimal TFM strategies 17 are planned on a grid lattice spanning the CONUS. In such a formulation of TFM optimization, the local directional permeability must be established for the capacity of one grid cell with respect to traffic arriving into it from adjacent grid cells ( 0 % Capacity reduction 33 % Capacity reduction 66% Capacity reduction 100% Capacity reduction Figure 22 ). The capacity is a function of the direction of the grid cell, in the eight fundamental directions: N, S, E, W, NW, NE, SW, and SE. Furthermore, if an alternating altitude rule is used, then the acceptable direction of flow is also a function of altitude. The grid-based capacity reduction described by the mincut for the applicable optimization grid size (e.g., 30, 40, or 50 nmi grid sizes) and in the direction of flow that links grid cells together would be used in the grid-based solution. 
V. Conclusion
This paper clearly demonstrates that demand may be characterized as a directional demand, and capacity may be characterized as a directional capacity. Weather hazard maps may be transformed into capacity reduction maps, based on a formal mathematical transformation that is referred to as the Mincut, a concept from computational geometry with associated parameters (RNP size, grid or circular kernel size, and flow direction). . The mincut can be applied to a square kernel or a circular kernel in order to identify the capacity reduction in the vicinity of a point (in the center of the square or circular kernel) for a given direction of flow. Capacity reduction kernels may be designed for fundamental directions (N, S, E, W, NW, NE, SW, SE) for square kernels, or for an arbitrary angle () for circular kernels. Capacity reduction kernels may be convolved with weather hazard maps in order to arrive at the total capacity reduction map for the National Airspace System (NAS). Traffic Flow Management (TFM) 
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solutions must consider how to direct the traffic flow to conform with the limits of the capacity in the direction of the flow -the directional demand is limited by the directional capacity, and if the demand exceeds the capacity in a given direction, the flow upstream must be diverted to some other location where there is excess capacity. Future NextGen TFM optimization algorithms may thus automate this process when formulating "outer loop" TFM optimized solutions that can reason about the amount of flow to pass in the particular directions that maximize capacity for the NAS as a system.
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